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Debye—Waller B Values of Some NaCl-Type Structures and Interionic Interaction
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Debye-Waller B values of NaCl, KCl, MgO and AgCl are calculated from lattice dynamics based on a
a simple, rigid-ion type, interaction model. The parameters introduced in the model have intelligible
significance. The present approach compares favourably with experimental evidence and previous

physical calculations.

Introduction

The determination of Debye-Waller B values from
X-ray and neutron-diffraction data is a problem not
yet completely solved. Table 1 shows, chronologically,
experimental room-temperature B values of NaCl.
Large deviations, even between values determined most
recently, indicate that these data are probably not the
final ones. Various problems connected with experiment
and data analysis have been amply discussed by
several authors (Abrahams & Bernstein, 1965; Maslen,
1967; Gottlicher, 1968; Linkoaho, 1969). It seems
that, at this moment, the most serious problem is
evaluating the thermal diffuse scattering (TDS) con-
tribution to observed intensities at the Bragg reflex-
ions. Different authors use different simplified models
to deduce the magnitude of the TDS corrections. The
resulting change in average room-temperature NaCl
Debye-Waller B values ranges from 0-04 to 0-20 A2 for
single-crystal measurements and from 0-03 to 0-06 A2
for powder measurements, depending on experimental
set-up and model used for calculations (Nilsson, 1957;
Pryor, 1966; Suortti, 1967; Géttlicher, 1968).
Theoretical calculations of Debye-Waller B values
for NaCl-type structures have been made for most of
the interaction models in current use for lattice dynami-
cal calculations. In the following, Debye-~Waller B values
of NaCl, KCl, MgO and AgCl are calculated from
lattice dynamics employing a simple rigid-ion type

* Present address: Philips Natuurkundig Laboratorium,
WAALRE, The Netherlands.

interaction model. The results compare favourably
with experimental evidence and previous calculations
based on more complicated interaction models.

Interaction model

The interaction model, used for the present calcula-
tions, is essentially Kellerman’s (1940) rigid-ion model
butextended with second nearest-neighbour short-range
interactions. The lattice dynamical calculations have
been done using the Born von Kdrmdn theory as
presented by Maradudin, Montroll & Weiss (1963).

Like other models, the model is semi-empirical in
in the sense that, lacking sufficient knowledge of inter-
atomic forces, parameters need to be scaled with the
aid of experimental information. The interaction is
assumed to be pair-wise additive and is split into a
long-range Coulomb part and a short-range part, not
necessarily repulsive. The parameters of the model are:

1. The effective electric charge of the ions, se, where
e is the elementary charge, determining the Coulomb
interaction. Values of se, required for lattice dynamics,
are closely comparable with Szigeti’s (1950) effective
charge used in his theory of dielectric constants.

2. First and second derivatives of the short-range
pair-potentials, with respect to interionic distance,
taken at equilibrium separation. Considering only first-
and second-neighbour short-range interactions, then,
for NaCl type structures, one is dealing with three
different short-range interactions and, thus, six short-
range parameters. These parameters, or force con-
stants, are denoted by ¢, ., ¢ 1, 0 _, 0 _,0__, 0" _,
(¢, 4 being the first derivative of the potential between
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positive ions when all ions are in their equilibrium
positions, and so on).

The above parameters are derived from the follow-
ing experimental quantities: The frequencies of the
transverse and longitudinal optical phonons for zero
wave-vector, the three elastic constants Ciy, Cip, Cus
and the lattice constant. All data refer to the temper-
ature at which predicted properties are required. For
the atomic masses, the average isotopic masses of the
elements in their natural isotopic abundances have
been taken. Further, it has been assumed, from a con-
sideration of the magnitudes of the ion radii (Pauling,
1960) and from quantum chemical calculations for
NaCl and MgO carried out by Petterson, Vallin,
Calais & Mansikka (1967) and Calais, Mansikka,
Petterson & Vallin (1967), that owing to the relative
smallness of the positive ions the short-range interac-
tion between these ions may be neglected, i.e., ¢,
and ¢ , both equal zero. In this approximation, the
present model is essentially a five-parameter model.

Calculation specifications

Experimental data and the derived model parameters
are given in Table 2. Among the experimental data,
values of the longitudinal optical phonons are prob-
ably the least reliable. The inelastic neutron-scattering
data for NaCl at 300°K of Schmunk & Winder (1970)
exhibit considerable irregularities in the region of zero-
wave-vector, where w;, has to be determined.

The value of w,,, for zero-wave-vector k of MgO has
not been measured but has been derived from wro,
the frequency of the transverse optical phonon at zero-
wave-vector and dielectric data employing the Lyd-
dane Sachs-Teller relation.

The model parameters were obtained by substituting
experimental data in the solution of the dynamical
equation around zerowave-vector. This solution can
be obtained analytically; hence, the scaling procedure
introduces no rounding or convergence errors. The
parameters, obtained in this way, are shown in the
right-hand part of Table 2.

Lattice dynamical calculations return the data used
for their scaling within the precision of the calcula-
tions. It is noticed that the positive signs of ¢ _ for
MgO and of ¢__ for KCI indicate short-range attrac-
tion instead of short-range repulsion between neigh-

bouring Mg?* and O*" ions in MgO and Cl~ ions in
KCl. We are tempted to interpret the short-range at-
traction of Mg?* and O?~ as an indication that the
lattice constant is determined by O?>~ —O?~ repulsion
rather than the Mg?* —Q?~ short-range repulsion, in
agreement with considerations based on ionic radii. For
KCl,the apparent Cl~ — Cl~ short-range attraction may
be due to neglect of short-range interaction between
the positive ions.

In the other cases, the short-range interactions be-
tween negative ions are repulsive, in addition to their
Coulomb repulsion. This agrees qualitatively with
quantum-chemical calculations (Petterson et al., 1967;
Calais et al., 1967).

Debye-Waller B values

Debye-Waller B values of NaCl, KCl, MgO and AgCl
calculated according to the specifications given above,
together with experimental and previous theoretical
values, are shown in Table 3. Experimental Debye—
Waller B values of NaCl at room temperature are
given in Table 1.

A total number of 262 wave-vectors in the irreducible
part of the Brillouin zone is included in the summations,
while near the origin (k=0) a finer mesh is employed.
Estimated convergence errors, remaining after this
procedure, range from 0-01 A? for NaCl at 80°K to
0-04 A? for AgCl at 300°K. Convergence errors in-
crease with temperature (cf. in this connexion, Reid
& Smith, 1970). Theoretical values of Buyers & Smith
(1968) and Reid & Smith (1970) were obtained by
interpolating their data. Models used by Buyers &
Smith and Reid & Smith are versions of Karo &
Hardy’s (1963) deformation dipole model. Pryor (1966)
and Sanger (1969) used a shell model of Woods, Coch-
ran & Brockhouse (1960).

As far as comparison is pcssile, present values agree
at least as well with experiment as do previously cal-
culated ones. In this connexion, it should be realized
that the model performs well for a variety of NaCl-
type structures since MgO and AgCl are not alkali
halides. The improvement is striking, if one compares
the difference B, — B_ of the individual Debye-Waller
B values of the atoms. Most earlier calculations give
too small a value for the difference between the Debye—
Waller B values of the two atoms. In some cases, even

Table 1. Experimental room-temperature B values of NaCl

Bya Bci Method References
1-54 A2 1-25 A2 X-ray, single crystal Waller & James (1927)
1-82 1-60 X-ray, single crystal Brindley (1930)
1-25 1-12 X-ray, single crystal von Renninger (1952)
1-25 1-00 X-ray, single crystal Witte & Wolfel (1958)
1-29 1-15 X-ray, powder Vihinen (1960)
1-63 1-42 Neutron, single crystal Levy, Agron & Busing (1963)
1-639 +0-037 1-326 +0-023 X-ray, single crystal Abrahams & Bernstein (1965)
1-84 1-44 X-ray, powder Merisalo & Paakkari (1967)
1-89 1-61 X-ray, single crystal Gottlicher (1968)
1-81 £ 0-03 1-49 +0-03 X-1ay, powder Linkoaho (1969)
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the wrong sign of this quantity is found as compared
with experiment. As has been realized by Cowley &
Cowley (1966), this is due to the fact that only nearest-
neighbour short-range interaction has been taken into
account. In an accompanying paper (Huiszoon &
Groenewegen, 1972), it is shown that at temperatures
above the Debye temperature of the lattice, Debye—
Waller B values no longer depend on the atomic mas-
ses and are determined solely by the interatomic forces.
As a consequence, it follows for NaCl-type structures
that if only nearest-neighbour interaction is taken
into account, both types of atoms become equivalent
from the lattice dynamical point of view and calcu-
lated Debye-Waller B values become equal, at 7'>
Tp, a result already stated by Waller (1925). From the
above it follows that interaction models including
short-range interaction between nearest neighbours
only will fail to account properly for the difference
B,—B_. When the atomic masses have become ir-
relevant for the B values, the heavier atoms do not
necessarily have the smaller B values. Experiment indi-
cates that this is indeed the case for MgO, KCl and
AgCl. From the present calculations, this also follows
for MgO and KCL. The result for AgCl, though slightly
out of balance with experiment, is still considered quite
encouraging.

Conclusion

The rigid-ion model, in combination with the present
method of determining model parameters, appears to
include sufficient essential features to predict Debye-
Waller B values. The number and accessibility of the
experimental data needed to scale the model may prove
an asset to the model’s applicability.*

* Details of parameter calculations and FORTRAN lattice
dynamical programs, both in unpolished form, are available
on request.
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Crystal Temperature Experimental Reference Theoretical Reference
CK) B.(A2) B_(A2) B.+(A?) B_(A?)
NacCl 80 0-62+0-06 0-41+0-06 1 0-55 0-43 Present work
0-58 +0-05 0-51+0-05 2 0-546 0-492 10
0-536 0-437 11
NacCl 300 For experimental data 1-63 1-39 Present work
see Table 1. 1-643 1-602 10
1-578 1-367 11
1-63 1-59 12
1:45 1-48 13
KCi 86 0-592 3 0-602* 0-561% Present work
0:824 0-853 14
290 1-64 3 1-91* 1-73% Present work
293 1-92 178 4 2:62 2:68 14
300 2-08 2:06 5
298 2-15 2-15 6
MgO 300 0-35+0-01 0-3154+0-01 7 0-355 0-28 Present work
0-46+0-03 0-335+0-05 8 0-29 0-35 7
AgCl 300 220 2:09 9 2-13 215 Present work

* These data have been obtained from the model scaled with the aid of 115°K experimental quantities.

Merisalo & Paakkari (1967)
Linkoaho (1969)

James & Brindley (1928)
Wasastjerna (1946)

Patomiki & Linkoaho (1969)
Jayalakshmi & Viswamitra (1970)
Sanger (1969)

Nk N

GOTTLICHER, S. (1968). Acta Cryst. 324, 122.

HinsHAw, W., LEwis, J. T. & Briscok, C. V. (1967). Phys.
Rev. 163, 876.

HuiszooN, C. & GROENEWEGEN, P. P, M. (1972). Acta
Cryst. A28, 170.

JaMes, R. W. & BRINDLEY, G. W. (1928). Proc. Roy. Soc.
A122, 155.

JayaLAksHMI, K. & VIsSwWAMITRA, M. A. (1970). Phys.
Letters, 32 A, 83.

KARrO, A. M. & HARDY, J. R. (1963). Phys. Rev. 129,
2024.

KELLERMAN, E. W. (1940). Phil. Trans. A238, 513.

KorHONEN, U. & LiNKOAHO, M. (1966). Ann. Acad. Sci.
Fenn. AVI, No. 195.

Levy, H. A.,, AGgron, P. A, & Busing, W. R. (1963).
Paper E-7, ACA Meeting, Cambridge, Mass.

LinkoaHO, M. V. (1969). Acta Cryst. A25, 450.

MARADUDIN, A. A., MONTROLL, E. W. & WEiss, G. (1963).
Theory of Lattice Dynamics in the Harmonic Approxi-
mation. New York: Academic Press.

MASLEN, V. W, (1967). Acta Cryst. 23, 907.

MerisaLo, M. & Paakkari, T. (1967). Acta Cryst. 23,
1107.

NiLssoN, N. (1957). Ark. Fysik, 12, 247.

PAULING, L. (1960). The Nature of the Chemical Bond.
New York: Cornell Univ. Press.

PaTtoMAkl, L. K. & LINKOAHO, M. V. (1969). Acta Cryst.
A25, 304,

8. Raccah & Arnott (1967)
9. Korhonen & Linkoaho (1966)
10. Buyers & Smith (1968)
11. Reid & Smith (1970)
12.  Pryor (1966)
13.  Ratner (1958)
14. Copley et al. (1969)

PautaMo, Y. (1963) Ann. Acad. Sci. Fenn. AVI, No. 129.

PeckHAM, G. (1967). Proc. Phys. Soc. 90, 657.

PETTERSON, G. J., VALLIN, J., CALAIS, J. L. & MANSIKKA, K.
(1967). Ark. Fysik, 34, 371.

PrYOR, A. W. (1966). Acta Cryst. 20, 138.

RaccaHl, P. M. & ArNotT, R. J. (1967). Phys. Rev. 153,
1028.

RATNER, A. M. (1958). Kristallografia, 3, 740.

Raunio, G., ALmqQvist, L. & STEDMAN, R. (1969). Phys.
Rev. 178, 1469,

REm, J. S. & SmitH, T. (1970). J. Phys. Chem. Solids, 31,
2689.

RENNINGER, M. VON (1952). Acta Cryst. 5, 711.

SANGER, P. L. (1969). Acta Cryst. A25, 694.

ScHMUNK, R. E. & WINDER, D. E. (1970), J. Phys. Chem.
Solids, 31, 131.

SKINNER, B. J. (1957). Amer. Miner. 42, 39.

SuorTTl, P. (1967). Ann. Acad. Sci. Fenn. AVI, No. 240.

SzigeTr, B. (1950). Proc. Roy. Soc. A204, 51.

VIHINEN, S. (1960). Ann. Acad. Sci. Fenn. AVI, No. 51.

WALLER, I. (1925). Dissertation, p. 31. Uppsala.

WALLER, I. & James, R. W. (1927). Proc. Roy. Soc. A117,
214.

WASASTIERNA, J. A. (1946). Soc. Sci. Fenn. Comm. Phys.
Math. 13, 1.

. WIttE, H. & WOLFEL, E. (1958). Rev. Mod. Phys. 30, 51.

Woobs, A. D. B., CocHrRAN, W. & BROCKHOUSE, B. N.
(1960). Phys. Rev. 119, 980.



